A simple model potential is proposed to describe the interaction of a valence electron with the alkali core, which incorporates the correct asymptotic behavior in terms of dipolar polarizabilities, and the short-range exchange effects in terms of a hard core adjusted to give the correct energy for the valence electron. Based on this potential, simple wave functions are developed to describe the ͑H-alkali͒ ϩ and ͑alkali-alkali͒ ϩ ions. These wave functions exhibit some important structures of the ions, and provide a universal description of the properties of all ͑H-alkali͒ ϩ and ͑alkali-alkali͒ ϩ ions, in particular, the equilibrium separations of the nuclei and the corresponding dissociation energies. They also allow us to calculate the dipolar polarizabilities of Li 2 ϩ , Na 2 ϩ , K 2 ϩ , Rb 2 ϩ , and Cs 2 ϩ .
I. INTRODUCTION
The H 2 ϩ ion is an ideal example for introducing the concepts and complications one encounters in the description of molecules and molecular ions. As such it has been analyzed from many different points of view. Within the BornOppenheimer approximation, the Schrödinger equation is separable in terms of elliptic coordinates, and the energies and wave functions have been obtained 1,2 with high accuracy for several states. It has also been analyzed in terms of other approaches, such as a variational approach, which provide a deeper understanding of the system in terms of simple model wave functions, for example, the Guillemin-Zener wave function 3 and the James wave function. 4 In the development of these wave functions, local properties of the wave functions play a significant role. [5] [6] [7] [8] Alkali atoms are in some ways similar to the hydrogen atom. They have one electron outside the closed shell core, and many of their properties are determined primarily by the wave function of the valence electron. However, the interaction of this electron with the alkali core is more complicated than a simple Coulombic term. There have been many attempts [9] [10] [11] [12] [13] [14] [15] to simulate this interaction by a model potential. However, in most cases, the model potential contains many parameters and the corresponding wave functions for ͑H-alkali͒ ϩ and ͑alkali-alkali͒ ϩ ions are generally made up of variational wave functions with many parameters. There is a lack of simple wave functions which give an accurate description of the properties of ͑H-alkali͒ ϩ and ͑alkali-alkali͒ ϩ ions, and provide a physical insight into their structure.
Here we consider a simple model potential which depends on only one parameter. It has the correct asymptotic behavior and an appropriate structure at small distances from the center of the core. We then develop a simple wave function for the description of ͑H-alkali͒ ϩ ions based on some local and perturbative properties. These wave functions are used to obtain the interionic potential for ͑H-alkali͒ ϩ ions. We also develop a wave function for the description of the ͑alkali-alkali͒ ϩ ion, which is an extension of the GuilleminZener wave function. 3 This wave function is used to obtain the interionic potential for ͑alkali-alkali͒ ϩ ions. The predictions for the internuclear separation at equilibrium and the corresponding dissociation energies for all the 20 systems we have considered are in good agreement with the results from accurate calculations and with the experimental values. These wave functions also allow us to calculate the dipolar polarizabilities of Li 2 ϩ , Na 2 ϩ , K 2 ϩ , Rb 2 ϩ , and Cs 2 ϩ , which are expected to play an important role in the description of Rydberg states of Li 2 , Na 2 , K 2 , Rb 2 , and Cs 2 .
II. MODEL POTENTIAL FOR ALKALI ATOMS
For developing a reliable potential for the interaction of the valence electron with the core in alkali atoms, we note that when the electron is far away, the dominant interaction is given by the Coulombic term and the interaction with the induced dipole moment,
where q a is the charge of the core A, and ␣ a is its dipolar polarizability. At small distances from the center of the core, the exclusion principle prevents the valence electron from entering the core to any significant extent, so that we effectively have a strong repulsive interaction at short distances.
We therefore propose a model potential for describing the interaction of the valence electron with the core,
where R a is to be regarded as the radius of the hard core A. One has accurate values for the dipolar polarizabilities of the core deduced from Rydberg energies 16 and from accurate calculations. 17 The single parameter R a is determined by requiring that the ground-state energy of this potential is equal to the valence electron energy. The input values of the valence electron energy, dipolar polarizabilities of the core, and the deduced values of the core radius are given in Table I .
The quality of our potential can be tested by calculating the energies of the excited states and comparing them with the experimental values. For example, for Na, some of the experimental values of the excited state energies are 4s: Ϫ1.947, 5s: Ϫ1.022, 3p: Ϫ3.035, 4p: Ϫ1.386, 3d: Ϫ1.522, 4d: Ϫ0.855 eV, whereas the values predicted by our potential in Eq. ͑2.2͒ are Ϫ1.943, Ϫ1.023, Ϫ3.132, Ϫ1.415, Ϫ1.515, Ϫ0.851 eV, respectively. The agreement between the two is quite satisfactory. The predictions for other atoms are of similar quality. We can also test the quality of our potential by using it to calculate the energies of the two electrons outside the core in the negative ions Li
Ϫ , each experiencing the potential in Eq. ͑2.2͒, and an additional interaction,
where 12 is the angle between the position vectors r 1 and r 2 of the two electrons. The last term here incorporates the interaction of each electron with the dipole moment induced by the other electron. The predicted values for the energies of the two electrons are given in Table I and are close to the experimental values. We now proceed with confidence to use the model potential in Eq. ͑2.2͒ to analyze the properties of ͑H-alkali͒ ϩ and ͑alkali-alkali͒ ϩ ions. Our hard-core potential is particularly suited for the analysis of these systems. The reason for this is that in the usual model potential one has large but finite repulsive potential at short distances and any deviation in the wave function at short distances leads to large changes in the energy. In our hard-core potential, this difficulty is avoided by the requirement that the wave function vanishes inside the hard core. But we must add a word of caution. It may be observed that the core of Li consists of only two s-wave electrons, and therefore, a hard core description may not be adequate. For other systems involving Na, K, Rb, Cs, we expect our potential to produce quite reliable results.
III. WAVE FUNCTIONS FOR "H-ALKALI…
¿ IONS
In the analysis of the energies of ͑H-alkali͒ ϩ ions, we need to consider the interaction of a charge not only with the dipole moment induced by it in the core, but also with the dipole moment induced by the other charge. Therefore the potential describing the interaction in the ͑H-alkali͒ ϩ ion is given by
Here R is the distance between proton and the alkali core, r 1 and r 2 are the distances of the electron from the proton and the alkali core with radius R a and dipolar polarizability ␣ a , and
For developing the wave function of the electron in this potential, we first consider some of its properties.
A. Cusp condition
As the electron approaches the proton, the dominant terms in the Schrödinger equation are
͑3.3͒
Expanding the wave function for a particular angular momentum l state,
we get from Eq. ͑3.3͒,
which for lϭ0 leads to the usual Kato condition, 18 0 →a 0 ͑ 1Ϫr 1 ͒ for r 1 →0.
͑3.6͒
For small r 1 this is the most important condition.
B. First-order perturbed wave function
When the alkali ion is at a large distance from the hydrogen atom, we can describe the system as a hydrogen atom perturbed by the potential 
The leading perturbation comes from the lϭ1 term and the corresponding perturbation to the ground-state wave function satisfies the equation
where Nϭ Ϫ1/2 is the normalization constant for the ground state. The solution to this equation is the well-known Dalgarno-Lewis solution,
The corresponding induced dipole moment is given by
͑3.10͒
C. Second-order perturbed wave function
It is quite useful to consider the perturbation in the s-wave component of the wave function. The leading term in this will come from the second-order change in the wave function produced by the lϭ1 term in Eq. ͑3.7͒,
where H 0 is the hydrogenic Hamiltonian with the groundstate energy E 0 and we have used the ␦ 1 in Eq. ͑3.9͒. Of course the ground-state wave function has to be projected out before (E 0 ϪH 0 ) Ϫ1 operates on the function. Though one could get an estimation for the perturbation ␦ (2) by using the Unsöld approximation, the main point to observe is that the leading order perturbation in the lϭ0 state coming from ␦ (2) is of order (1/R 4 ).
D. Model wave function
We consider a simple wave function for the ground state of ͑H-alkali͒ ϩ ions, ϭCe where b 0 , b 1 , b 2 ,b 3 are constant parameters, R a is the radius of the alkali ion core, and C is the normalization constant. We now analyze this wave function in terms of the general properties just described. The cusp condition in Eq. ͑3.6͒ for the case when the electron approaches the proton, implies that
This in a sense is the most important property. 
͑3.21͒
should cancel the 1/R 3 term, in Eq. ͑3.20͒,
͑3.23͒
In summary, we have the wave function in Eq. ͑3.12͒, ϭCe .
͑3.27͒
The remaining parameter b 3 in the last factor which ensures that the wave function vanishes at the hard core, is determined variationally.
E. Results
We use the wave function in Eq. ͑3.24͒ with parameters b 0 , b 1 , b 2 given in Eqs. ͑3.25͒-͑3.27͒ to calculate the energies of ͑H-alkali͒ ϩ ions, as a function of the internuclear separation. The parameter b 3 , which is sensitive to the behavior of the wave function close to the alkali ion, is determined variationally. The calculations are carried out conveniently in terms of elliptic coordinates
where we have left out the dependent terms. The results for the equilibrium separation of the nuclei and the corresponding dissociation energies, and the energies at some other separations, are given in Table II. For comparison with the results of the earlier calculations, we note that for (HLi) ϩ , our dissociation energy D(R e )ϭ0.0806 eV is fairly close to the recommended value 19 of 0.09Ϯ0.06 eV which, however, has large uncertainties. The basis calculations of Browne 20 give a value of about 0.103 eV whereas the calculations of Rosmus and Meyer 21 and of Fuentealba et al. 14 give somewhat larger values of 0.13-0.15 eV. The equilibrium separation suggested by them is about 4.2 a.u., compared with our value of 4.55 a.u. As mentioned earlier, since the core of Li has only two s-wave electrons, the description of its potential may require finer details than a simple hard core.
Our There are essentially no reliable estimations 23 of the dissociation energies for (HRb) ϩ , (HCs) ϩ . Considering the quality of our results for (HNa) ϩ and (HK) ϩ , we are confident that our predictions for (HRb) ϩ and (HCs) ϩ also are quite reliable.
It may be mentioned that though we have given our results for the values of the parameters b 0 ,b 1 ,b 2 given by Eqs. ͑3.25͒-͑3.27͒, we have varied their values and found that the variational minima are essentially the same as those given by the values in Eqs. ͑3.25͒-͑3.27͒. This demonstrates the usefulness of incorporating some general properties of the wave function into the model wave functions. Overall, our wave function in Eq. ͑3.24͒ with each factor representing some physical properties such as the cusp condition, perturbation limits, etc., brings out the physical aspects of the system in a transparent manner, and gives accurate values for the energies.
IV. WAVE FUNCTION FOR "ALKALI-ALKALI… ¿ IONS
In the analysis of ͑alkali-alkali͒ ϩ systems, we need to consider the dipoles induced in both alkali cores. The potential describing the ͑alkali-alkali͒ ϩ ions is therefore given by 
Here R is the distance between the alkali cores A and B, r 1 and r 2 are the distances of the electron from the cores A and B with core radii R a and R b and dipolar polarizabilities ␣ a and ␣ b , respectively, and
In the ͑alkali-alkali͒ ϩ systems, the ionization energies of the two alkali atoms are of comparable magnitude, and therefore there will be substantial probability for the electron to be found close to either of the alkali ions. We therefore propose a wave function ϭ͓e with z 1 , z 2 , and G as variational parameters. This is a simple extension of the Guillemin-Zener wave function 3 for H 2 ϩ , modified to incorporate the property that there is very little penetration of the valence electron into the alkali cores. This wave function vanishes inside either of the two cores.
As in the case of ͑H-alkali͒ ϩ ions, here also it is convenient to evaluate the operations in terms of elliptic coordinates. We simplify the variational analysis by writing
With matrix elements
the extremum condition for the parameter G leads to 
͑4.10͒
This effectively reduces the problem to that of variation of only two parameters, z 1 and z 2 . 
A. Energies
We use the wave function in Eq. ͑4.3͒, and the potential in Eq. ͑4.1͒, to calculate the energies of all ͑alkali-alkali͒ ϩ ions, as functions of internuclear separation. The parameters z 1 and z 2 are determined variationally, and parameter G is determined by making use of Eqs. ͑4.9͒ and ͑4.10͒. We have presented the results for the internuclear separation at equilibrium, and the corresponding dissociation energy, in Table  III 24 and the experimental values of 6.8 a.u. and 0.984 eV. The largest deviation is about 25% for Li 2 ϩ , for which we have, as mentioned before, some reservation in using a hard-core potential. For some systems, there are very few earlier calculations, and they differ substantially from each other. Our results help in resolving these differences. For example, for the dissociation energy of (KRb) ϩ , the calculations of Bellomonte et al. 28 give a value of 0.87 eV and the calculations of Valance 11 give a value of 0.53 eV, whereas our calculated value is 0.794. Generally, our predictions based on a simple, model potential with the correct asymptotic form and a hard core adjusted to incorporate the exchange effects at short distances, are expected to be quite reliable, particularly for systems involving larger atoms. It is also important to observe that our wave functions are simple extensions of the Guillemin-Zener wave functions modified to incorporate the nonpenetration of the valence electron into the alkali core, and provide a universal description of ͑alkali-alkali͒ ϩ isoelectronic ions.
B. Dipolar polarizabilities
We can use the wave function in Eq. ͑4.3͒ to calculate dipolar polarizabilities of alkali dimer cations, which are expected to play an important role in the analysis of Rydberg states of alkali dimers. The perturbation to the wave function in the presence of a unit external electric field n is given by
where the potential V is given in Eq. ͑4.1͒, r is the position vector of the electron with respect to the center of mass, and the unperturbed wave function is given in Eq. ͑4.3͒. We obtain variationally by using a basis of two terms, ϭC 1 1 ϩC 2 2 ,
͑4.12͒
1 ϭr͑r•n͒,
͑4.13͒
2 ϭ͑r•n͒.
͑4.14͒
The variational solution for the coefficients of C i is given by The component of ␣ parallel and perpendicular to R is obtained by taking n parallel and perpendicular to R. The calculated values of the parallel and perpendicular components of the polarizabilities of Li 2 ϩ , Na 2 ϩ , K 2 ϩ , Rb 2 ϩ , and Cs 2 ϩ are given in Table IV , along with the average values
͑4.19͒
V. SUMMARY
We have developed a simple potential to simulate the interaction of the valence electron with the core, in alkali atoms, which has the correct asymptotic behavior and an effective hard-core radius. Based on this we have constructed a wave function to describe ͑H-alkali͒ ϩ ions, which incorporates the cusp condition and has the correct perturbative structure. For the ͑alkali-alkali͒ ϩ ions, we have constructed a Guillemin-Zener type of wave function generalized to incorporate the hard-core structure of closed shells. These wave functions provide reliable values for the potentials, in particular for dissociation energies for all ͑H-alkali͒ ϩ and ͑alkali-alkali͒ ϩ ions, and provide a good physical insight into their structures. They also allow us to consider perturbations in the presence of external dipolar interaction, and calculate dipolar polarizabilities of Li 2 ϩ , Na 2 ϩ , K 2 ϩ , Rb 2 ϩ , and Cs 2 ϩ . 
